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INCLUDING PIONSa b
Martin J. Savage c
Department of Physics, University of Washington, Seattle, WA 98195
Recent progress in using effective field theory to describe systems with two nucleons
is discussed with particular emphasis placed on the inclusion of pions. Inconsis-
tencies arising in Weinberg’s power counting are demonstrated with two concrete
examples. A consistent power-counting scheme is discussed in which pion ex-
change is sub-leading to local four-nucleon operators. NN scattering in the 1S0
and 3S1−3D1 channels is calculated at sub-leading order and compared with data.
1 Introduction
The last several years have seen significant progress towards an effective field
theory description of the interactions between nucleons. The ultimate goal
of this endevour is to construct a framework with which to describe multi-
nucleon systems, both bound and unbound, and inelastic processes in a sys-
tematic way. This effort was initiated by Weinberg’s pioneering work on the
subject 1 where he proposed a power-counting scheme for local-operators in-
volving two or more nucleons and the inclusion of pions. This proposal had
many important implications from detailing how to include higher order terms
in the chiral and derivative expansion to the prediction of small three-body
forces. Applications to phenomenology, such as studies of the NN phase-
shifts, np→ Dγ radiative capture, nucleon-deuteron scattering, as well as ex-
tensive discussion of the underlying field theory itself have followed Weinberg’s
original proposal2−19. Problems with Weinberg’s power-counting became ap-
parent when computations were performed with dimensional regularization4,
as opposed to a momentum-space regulator that previous computations had
employed2. Contributions to NN scattering in the 3S1 − 3D1 channel that are
leading order in Weinberg’s power-counting require counterterms at all orders
in the momentum expansion, and therefore terms that are naively subleading
order must be included at leading order. One is lead to the conclusion that
Weinberg’s power-counting is not consistent.
Recently, a new and consistent power-counting scheme has been proposed17
that alleviates the difficulties encountered with Weinberg’s power-counting. It
is this power-counting and its implications that I will present with an em-
aTalk presented at the Joint Caltech/INT workshop on Nuclear Physics with Effective
Field Theory, Caltech, February 1998.
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phasis on the theory with pions. Firstly, I will discuss Weinberg’s power-
counting scheme and its shortcomings. Next, I will discuss a new power-
counting scheme17 and show results from its application to NN scattering in
the 1S0 and
3S1 − 3D1 channels at subleading order.
2 Weinberg’s Power Counting
Effective field theories (EFT) are constructed to reproduce all S-matrix ele-
ments with external momenta ∼ Q less than some scale Λ. The scale Λ is
typically set by the mass of particles and kinematic regimes not explicitly in-
cluded in the theory as dynamical degrees of freedom. However, the effect of
these particles and regimes are included in the EFT by the presense of higher
dimension operators, with coefficients explicitly set by Λ. In addition to form-
ing the lagrange density consistent with the global and local symmetries of the
underlying theory, one must also define the method of regulating divergences.
It is desirable to choose a regulator that preserves the symmetries of the the-
ory and also maintains the hierarchy of the higher dimension operators. Here
we reproduce Weinberg’s power-counting scheme1,4, without an explicit dis-
cussion of the method of regularization, therefore the conclusions are regulator
independent.
The most general lagrange density consistent with chiral symmetry de-
scribing the interaction of two nucleons is
L = N †(iD0 + ~D2/2M)N + f
2
8
Tr ∂µΣ
†∂µΣ +
f2
4
ωTrmq(Σ + Σ
†)
− 1
2
CS(N
†N)2 − 1
2
CT (N
†~σN)2 + gAN
† ~A · ~σN + ... , (1)
where Dµ denotes a chiral-covariant derivative and Σ is the exponential of the
isotriplet of pions
Σ = exp
(
2i
f
M
)
M =
(
π0/
√
2 π+
π− −π0/√2
)
, (2)
with f = 132 MeV the pion decay constant and ~A is the axialvector me-
son field. The ellipses denote terms with more spatial derivatives and also
more insertions of the light quark mass matrix, mq. The Georgi-Manohar
20
naive dimensional analysis arising from a consideration of loop contributions
to observables suggests that CS,T ∼ 1/f2, and Weinberg’s power-counting will
follow directly.
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Figure 1: 2-pion exchange Feynman graphs contributing to the 2-nucleon potential V (2).
The first four are 2-nucleon irreducible; the last diagram is 2-nucleon reducible, and the
poles from the slashed propagators are not included in the
∫
dq0 loop integration.
A necessary ingredient for an EFT is a power counting scheme that dictates
which graphs to compute in order to determine an observable to a desired order
in the expansion. The main complication in the theory of nucleons and pions
is the fact that a nucleon propagator S(q) = i/(q0− q2/2M) scales like 1/Q if
q0 scales like mpi or an external 3-momentum, while S(q) ∼M/Q2 if q0 scales
like an external kinetic energy. Similarly, in loops
∫
dq0 can scale like Q or
Q2/M , depending on which pole is picked up. To distinguish between these two
scaling properties it is convenient to define generalized “n-nucleon potentials”
V (n) comprised of those parts of connected Feynman diagrams with 2n external
nucleon lines that have no powers ofM in their scaling (except from relativistic
corrections). Since there is no nucleon-antinucleon pair creation in the effective
theory such a diagram always has exactly n nucleon lines running through it.
V (n) includes diagrams which are n-nucleon irreducible and parts of diagrams
which are 1-nucleon irreducible. To compute the latter contribution to V (n)
one identifies all combinations of two or more internal nucleon lines that can be
simultaneously on-shell, and excludes their pole contributions when performing
the
∫
dq0 loop integrations. An example of the 2-pion exchange contributions
to V (2) is shown in Fig.(1). A general n-nucleon Feynman diagram in the EFT
can be constructed by contracting the nucleon legs of V (r) potentials with
r ≤ n. Treating the V (r)’s like vertices, the ∫ dq0 loop integrations pick up the
poles of all the connecting nucleon lines. The reason for this construction is
that within the V (r) potentials, all nucleon propagators are off-shell and scale
like 1/q0 ∼ 1/Q. In contrast, when one picks up the pole contribution from
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one of the nucleon lines connecting the V (r) “vertices”, other nucleon lines
will be almost on-shell, and scale like M/Q2. A contribution to the r-nucleon
potential V (r) with ℓ loops, In nucleon propagators, Ipi pion propagators, and
Vi vertices involving ni nucleon lines and di derivatives, scales like Q
µ, where
µ = 4l− In − 2Ipi +
∑
Vidi ,
ℓ = In + Ipi −
∑
Vi + 1 ,
In + r =
1
2
∑
Vini . (3)
In this power counting we take mpi ∼ Q and treat factors of the u and d quark
masses at the vertices as order Q2. Combining these relations leads to the
scaling law for the r-nucleon potential V (r) (r ≥ 2):
µ = 2 + 2ℓ− r +
∑
i
Vi(di +
1
2
ni − 2) . (4)
Since chiral symmetry implies that the pion is derivatively coupled, it follows
that (di +
1
2ni − 2) ≥ 0, which implies that for a 2-nucleon potential, µ ≥
0, and that µ = 0 corresponds to tree diagrams. It is straight forward to
find the scaling property for a general Feynman amplitude, by repeating the
analysis that leads eq.(4) treating the V (r) potentials as r-nucleon vertices
with µ derivatives, µ given by eq.(4). While eq.(4) was derived assuming that∫
dq0 ∼ Q and nucleon propagators scaled like ∼ 1/Q, for these loop graphs
they scale like Q2/M and M/Q2 respectively. A general Feynman diagram is
constructed by stringing together r-nucleon potentials V (r).
Two nucleon scattering is simple since the graphs are all ladder diagrams
with insertions of V (2)’s acting as ladder rungs. Each loop of the ladder in-
troduces a loop integration (dq0d
3q ∼ Q5/M) and two nucleon propagators
(M2/Q4) to give a factor of (QM) per loop. Expanding V (2) =
∑∞
µ=0 V
(2)
µ ,
where V
(2)
µ ∼ Qµ, a 2-nucleon diagram whose ith rung is the generalized po-
tential V
(2)
µi scales as
Qν(QM)L , ν =
L−1∑
i=1
µi , (5)
where L is the number of loops external to the V (2)’s. Since µi ≥ 0, the
leading behavior of the 2-nucleon amplitude is (QM)L. If one treats M ≃ Q0,
it follows that perturbation theory is adequate for describing the 2-nucleon
4
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Figure 2: The first two terms in the EFT expansion of the Feynman amplitude for nucleon-
nucleon scattering in Weinberg’s power-counting scheme. The leading amplitude A0 scales
like Q0 and consists of the sum of ladder diagrams with the leading (µ = 0) 2-nucleon
potential V
(2)
0 at every rung. The subleading amplitude A1 scales like Q
1.
system at low Q. In order to accommodate large scattering lengths and bound
states near threshold, as in the 1S0 and
3S1 − 3D1 channels one must conclude
that M ∼ 1/Q in this power counting scheme. Thus the EFT calculation must
be an expansion in ν, given by eqs.(4)(5). At leading order, ν = 0, one must
sum up all ladder diagrams with insertions of V
(2)
0 potentials with µ = 0, while
at subleading order one includes one insertion of V
(2)
1 and all powers of V
(2)
0 ,
and so forth.
At leading order in Weinbergs power-counting there are contributions to
V
(2)
0 from both the local four-nucleon operators, CS,T and from the exchange
of a single potential pion, giving a momentum space potential of
V
(2)
0 (p,p
′) = C −
(
g2A
2f2pi
)
(q · σ1q · σ2)(τ1 · τ2)
(q2 +m2pi)
, (6)
where C denotes the combination of CS,T appropriate for a given spin-isospin
channel. The leading order amplitude results from summing the graphs shown
in Fig. (2) resulting from this potential, i.e. solving the Schrodinger equation.
In the 1S0 channel at two-loops in the ladder sum there is a logarithmic diver-
gence in the graph shown in Fig. (3a) that must be regulated. In dimensional
regularization the divergent part of this graph is
− 1
ǫ
g2Am
2
piM
2
128π2f2pi
C2 , (7)
which requires a counterterm with a single insertion of the light quark mass
5
(a) (b)
Figure 3: Graphs with logarithmic divergences. The divergence in graph (a) is proportional
to M2m2pi, while graph (b) has a divergence proportional to M
2p4. The solid lines are
nucleons and the dashed lines are pions.
Figure 4: A contribution to the pion ladder sum, arising at leading order in Weinberg’s
power-counting. The solid lines are nucleons and the dashed lines are pions.
matrix, for instance
− 1
2
C
(m)
S Tr
[
mq(Σ + Σ
†)
] (
N †N
)2− 1
2
C
(m)
T Tr
[
mq(Σ + Σ
†)
] (
N †σN
)2
+ ... .
(8)
However, the coefficients of these operators must scale like M2, and since
m2piM
2 ∼ Q0 these formally higher order operators in Weinberg’s power-
counting are required at leading order to absorb divergences in the time-ordered
products of the leading order potential, V
(2)
0 . Ignoring the multi-pion vertices
arising from these operators, they can be re-absorbed into the leading oper-
ators with coefficients CS,T . We are then in the situation where there is no
chiral expansion, multiple insertions of the light quark mass matrix are not
suppressed compared to leading order interactions, but we do still have a mo-
mentum expansion in the 1S0 channel. The graph shown in Fig. (3b) requires
counterterms involving ∇4 with coefficients proportional to M2, while this is
not suppressed by Q4 it is suppressed compared to the leading operators by
Q2.
The situation is different in the 3S1 − 3D1 channel and in higher partial
waves. A contribution to the leading order ladder sum is shown in Fig. (4),
arising from seven potential pion exchanges, i.e a six-loop graph. From our
6
discussion it is straightforward to deduce that this graph has a logarithmic
divergence at order (QM)6, and therefore, counterterms involving ∇6 (i.e.
operators up to and including those with orbital angular momentum L = 6)
are required at leading order in the expansion. Clearly, the same discussion can
be made for an arbitrary number of potential pion exchanges, and therefore
counterterms involving an arbitrary even number of ∇’s are required. This is a
clear demonstration of the failure of Weinbergs power-counting. Further, this
conclusion is true for all regularization schemes and not just for dimensional
regularization. In using a momentum cut-off to regulate the theory, while
truncating the expansion of the potential at a given number of derivatives one
will have terms that depend explicitly upon the cut-off Λ. If the cut-off is
kept small, then such terms do not have a large impact upon the “goodness of
fit” to data and Λ can be chosen to achieve the “best fit” 2,11. The fact that
the results depend upon Λ demonstrates the presense of an incomplete set of
higher order terms.
As we will see in subsequent sections, the problem with Weinberg’s power-
counting is having to identify M ∼ Q−1 and C ∼ Q0. In fact consistent
power-counting is obtained when we identify M ∼ Q0 and C ∼ Q−1.
3 A New Power Counting
Lets us begin by examining the general form of the amplitude for nucleon
scattering in a S-wave
A = 4π
M
1
p cot δ − ip . (9)
From quantum mechanics it is well known that p cot δ has a momentum ex-
pansion for p≪ Λ (the effective range expansion),
p cot δ = −1
a
+
1
2
Λ2
∞∑
n=0
rn
(
p2
Λ2
)n+1
, (10)
where a is the scattering length, and r0 is the effective range. For scattering in
the 1S0 and
3S1 channels the scattering lengths are found to be large, a
(1S0) =
−23.714± 0.013 fm and a(3S1) = +5.425± 0.0014 fm respectively. Expanding
the expression for the amplitude in eq.(9) in powers of p/Λ while retaining ap
to all orders gives
A = −4π
M
1
(1/a+ ip)
[
1 +
r0/2
(1/a+ ip)
p2 +
(r0/2)
2
(1/a+ ip)2
p4 +
(r1/2Λ
2)
(1/a+ ip)
p4 + . . .
]
(11)
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For p > 1/|a| the terms in this expansion scale as {p−1, p0, p1, . . .}, and the
expansion in the effective theory takes the form
A =
∞∑
n=−1
An , An ∼ pn . (12)
In the theory without pions we can explicitly compute the s-wave ampli-
tude in each spin channel to all orders in the momentum expansion,
A = −
∑
C2np
2n
1 +M(µ+ ip)/4π
∑
C2np2n
, (13)
where C2n is the coefficient of the p
2n term in the lagrange density. µ is the
renormalization scale and we have used Power Divergence Subtraction (PDS
)17 to define the theory. A typical loop graph that appears in the amplitude
has the form
In ≡ −i
(µ
2
)4−D ∫ dDq
(2π)D
q2n
(
i
E
2 + q0 − q
2
2M + iǫ
)(
i
E
2 − q0 − q
2
2M + iǫ
)
=
(µ
2
)4−D ∫ d(D−1)q
(2π)(D−1)
q2n
(
1
E − q2M + iǫ
)
= −M(ME)n(−ME − iǫ)(D−3)/2 Γ
(
3−D
2
) (µ
2
)4−D
(4π)(D−1)/2
, (14)
where D is the number of space-time dimensions. In the PDS scheme the pole
at D = 3 is removed by adding a local counterterm to the lagrange density,
giving
δIn = −M(ME)
nµ
4π(D − 3) , (15)
so that the sum of the loop graph and counterterm in D = 4 dimensions is
IPDSn = In + δIn = −(ME)n
(
M
4π
)
(µ+ ip). (16)
The amplitude A is independent of the subtraction point µ and this deter-
mines the µ dependence of the coefficients, C2n. In the PDS scheme one finds
that for µ≫ 1/|a|, the couplings C2n(µ) scale as
C2n(µ) ∼ 4π
MΛnµn+1
, (17)
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Figure 5: Leading and subleading contributions arising from local operators.
so that if we take µ ∼ p, C2n(µ) ∼ 1/pn+1. A factor of ∇2n at a vertex
scales as p2n, while each loop contributes a factor of p. Therefore, the leading
order contribution to the scattering amplitude A−1 scales as p−1 and consists
of the sum of bubble diagrams with C0 vertices. Contributions scaling as
higher powers of p come from perturbative insertions of derivative interactions,
dressed to all orders by C0. The first two terms in the expansion
A−1 = −C0[
1 + C0M4pi (µ+ ip)
] , A0 = −C2p2[
1 + C0M4pi (µ+ ip)
]2 , (18)
correspond to the Feynman diagrams in Fig. (5). A comparison with eq.(11)
gives
C0(µ) =
4π
M
(
1
−µ+ 1/a
)
, C2(µ) =
4π
M
(
1
−µ+ 1/a
)2
r0
2
. (19)
The dependence of C2n(µ) on µ is determined by requiring the amplitude be
independent of the renormalization scale µ. The physical parameters a, rn
enter as boundary conditions on the resulting renormalization group (RG)
equations. The beta function for each of the couplings C2n is defined by
β2n ≡ µdC2n
dµ
. (20)
9
p2
+
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Figure 6: Graphs contributing to the β-functions for C2n
In the PDS scheme, the µ dependence of the C2n coefficients enters loga-
rithmically or linearly, associated with simple 1/(D − 4) or 1/(D − 3) poles
respectively. The functions β2n follow straightforwardly from µ
d
dµ (1/A) = 0
and for C0 and C2 can be found from the one-loop graphs in Fig. (6)
β0 =
Mµ
4π
C20 , β2 = 2
Mµ
4π
C0C2 . (21)
Integrating these equations relates the C2n coefficients at two different renor-
malization scales µ and µ0. The solution for C0(µ) and C2(µ) with the bound-
ary condition C0(0) = 4πa/M , is
C0(µ) =
4π
M
(
1
−µ+ 1/a
)
, C2(µ) = C2(µ0)
(
C0(µ)
C0(µ0)
)2
, (22)
which when combined with the boundary condition, C2(0) = C0(0)ar0/2,
yields C2(µ) as given in eq.(19). It is possible to solve the complete, cou-
pled RG equations for the leading small µ behavior of each of the coefficients
C2n . The coefficients are
C2n(µ) =
4π
M(−µ+ 1/a)
(
r0/2
−µ+ 1/a
)n
+O(µ−n) , (23)
which has the scaling property in eq.(17). The leading behavior depends on
the two parameters a and r0 encountered when solving for C0(µ) and C2(µ).
10
+  2 +
Figure 7: Contributions to the β-functions for C0 in the theory with pions
This is due to the C2n couplings being driven primarily by lower dimensional
interactions.
The inclusion of pions into the theory is straightforward. While the co-
efficients of the local operators are renormalized, and scale as powers of the
renormalization scale µ (we use Q ≡ µ ∼ p ∼ m1/2q ), the exchange of a single
potential pion does not suffer from such renormalizations and therefore pion
exchange is a sub-leading contribution, Q0. At the same order as the exchange
of a potential pion is an insertion of a C2 operator and a single insertion of the
quark mass matrix mq. Ignoring isospin violation, these operators involving
insertions of the light quark mass matrix with coefficients D2 have the same
structure as the C0 operators. For µ ∼ mpi, C0(µ) ∝ 1/µ, C2(µ) ∝ 1/µ2 and
D2(µ) ∝ 1/µ2 for the 1S0 and 3S1 channels. A feature of the theory with pions
is that this scaling behavior breaks down at low momentum, p ∼ 1/|a|, and at
sufficiently high momentum. The exact beta function for the C0 coefficients
from the graphs in Fig. (7) are
β
(1S0)
0 = µ
dC
(1S0)
0
dµ
=
Mµ
4π
{(
C
(1S0)
0
)2
+ 2C
(1S0)
0
g2A
2f2
+
(
g2A
2f2
)2}
β
(3S1)
0 = µ
dC
(3S1)
0
dµ
=
Mµ
4π
{(
C
(3S1)
0
)2
+ 2C
(3S1)
0
g2A
2f2
+ 9
(
g2A
2f2
)2}
.(24)
Solving the RG equation in the 1S0 channel with the boundary condition
C
(1S0)
0 (0) = 4πa1/M , where a1 is the
1S0 scattering length, we find for µ ≫
1/|a1|
C
(1S0)
0 (µ) ≃ −
4π
Mµ
(
1 +
µ
ΛNN
)
, (25)
with
ΛNN =
8πf2
g2AM
∼ 300 MeV , (26)
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Figure 8: Graphs contributing to the subleading amplitude A0. The shaded ovals are defined
in Fig. (5).
and therefore the power counting changes when µ ∼ ΛNN . The UV fixed
point toward which C
(1S0)
0 is driven largely cancels the δ-function component
of the single potential pion exchange in the 1S0 channel. As a result, this power
counting works only up to p ∼ ΛNN and the power counting in both channels
is expected to fail at momenta on the order of ΛNN . We conclude from this
discussion that the expansion parameter for this theory is ∼ mpi/ΛNN ∼ 12 ,
which is larger than one would like.
4 NN scattering in the 1S0 Channel
Having established a consistent power-counting in the previous sections we now
apply it to NN scattering in the 1S0 channel. The amplitude at order Q
−1
and Q0 determined from the graphs shown in Fig. (5) and Fig. (8) are
A−1 = − C
(1S0)
0
1 + C
(1S0)
0
M
4pi (µ+ ip)
,
A(I)0 = −C(
1S0)
2 p
2
[
A−1
C
(1S0)
0
]2
,
A(II)0 =
(
g2A
2f2
)(
−1 + m
2
pi
4p2
ln
(
1 +
4p2
m2pi
))
,
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A(III)0 =
g2A
f2
(
mpiMA−1
4π
)(
− (µ+ ip)
mpi
+
mpi
2p
X(p,mpi)
)
,
A(IV )0 =
g2A
2f2
(
mpiMA−1
4π
)2(
1−
(
µ+ ip
mpi
)2
+ iX(p,mpi)− ln
(
mpi
µ
))
,
A(V )0 = −D(
1S0)
2 m
2
pi
[
A−1
C
(1S0)
0
]2
,
X(p,mpi) = tan
−1
(
2p
mpi
)
+
i
2
ln
(
1 +
4p2
m2pi
)
. (27)
At order Q−1 there is one unknown coefficient C
(1S0)
0 that must be determined
from data while at order Q0 there are three unknown coefficients C
(1S0)
0 , C
(1S0)
2
and D
(1S0)
2 that must be determined. The graph giving A(IV )0 is divergent in
four dimensions and therefore gives rise to the logarithmic dependence on the
renormalization scale µ in eq. (27) (we have performed a finite subtraction, in
addition to the usual PDS ). In order for the expansion to converge, the leading
term A−1 must capture most of the scattering length, and hence the subtrac-
tion. For this scattering channel we examine the phase shift δ, and perform a
perturbative expansion of δ in Q, δ = δ(0) + δ(1) + . . .. It is straightforward to
relate the phase shift to the amplitude,
δ =
1
2i
ln
(
1 + i
Mp
2π
A
)
,
δ(0) =
1
2i
ln
(
1 + i
Mp
2π
A−1
)
, δ(1) =
Mp
4π
(
A0
1 + iMp2pi A−1
)
. (28)
There are several ways to determine the coefficients from observables. One
fit we have performed is to the results of the Nijmegan partial-wave analysis
21 over a momentum range p ≤ 200 MeV, from which we find for µ = mpi
C
(1S0)
0 = −3.34 fm2 , D(
1S0)
2 = −0.42 fm4 , C(
1S0)
2 = 3.24 fm
4 , (29)
giving the dashed curve plotted in Fig. (9). Fitting the scattering length and
effective range gives (requiring D2(mpi) = 0), for µ = mpi
C0 = −3.63 fm2 , C2 = 2.92 fm4 , (30)
and the dotted curve in Fig. (9). It is clear from Fig. (9) that the corrections
to the leading order result become substantial above ∼ 200 MeV and we ex-
pect the expansion to become unreliable at momenta larger than this value.
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Figure 9: The phase shift δ for the 1S0 channel. The dot-dashed curve is the one parameter fit
at order Q−1, that reproduces the scattering length. The dashed curve corresponds to fitting
δ between 0 < p < 200 MeV, while the dotted curve corresponds to fitting the scattering
length and effective range. The solid line shows the results of the Nijmegen partial wave
analysis.
We chose to renormalize at µ = mpi for our numerical analysis, but as the
amplitudes are explicitly µ-independent we could have chosen any value of µ,
with ΛNN ≫ µ≫ 1/a. The logarithm appearing in the subleading amplitude
suggests we choose µ ∼ mpi.
5 NN scattering in the 3S1 − 3D1 Channel
The analysis of scattering in the 3S1−3D1 channel is a straightforward extension
of the analysis performed in the 1S0 channel. The important difference is that
the nucleons in the initial and final states with total angular momentum J = 1
can be in an orbital angular momentum state of either L = 0 or L = 2. The
power counting for amplitudes that take the nucleons from a 3S1-state to a
3S1-state is identical to the analysis in the
1S0-channel. In fact, the expression
for these amplitudes are exactly the same with the appropriate substitution
of coefficients. Operators between two 3D1 states are not renormalized by the
leading operators, which project out only 3S1 states. Further, they involve a
14
total of four spatial derivatives, two on the incoming nucleons, and two on the
out-going nucleons. Therefore, such operators contribute at order Q3, and can
be neglected. Consequently, amplitudes for scattering from an 3D1 state into an
3D1 state are dominated by single potential pion exchange which contributes at
order Q0. Operators connecting 3D1 and
3S1 states involve 2 spatial derivatives
(acting on the 3D1 state) and are renormalized by the leading operators, but
only on the L = 0 “side” of the operator. Therefore the coefficient of this
operator, C
(3S1−
3D1)
2 ∼ 1/µ, contributing at order Q1 and it can be neglected
at order Q0. Thus, mixing between 3D1 and
3S1 states is dominated by single
potential pion exchange dressed by a bubble chain of C
(3S1)
0 operators and a
parameter free prediction for this mixing exists at order Q0.
We denote the amplitude at order Qn by An[LL′], where L and L′ are
the initial and final orbital angular momenta. At leading order Q−1 in the
expansion there is a contribution only to the 3S1 partial wave:
A−1[00] = −
C
(3S1)
0
1 + C
(3S1)
0
M
4pi (µ+ ip)
, A−1[02] = A−1[20] = A−1[22] = 0 .(31)
At order Q0 there are contributions from graphs of the same form as in the
amplitude for 1S0 scattering, shown in Fig. (8). Using the same identification
of graphs as in the 1S0 channel, A0[L,L′] = A(I)0[L,L′] + ..., we find that
A(I)0[00] = −C
(3S1)
2 p
2
[
A−1[00]
C
(3S1)
0
]2
, A(I)0[02] = A
(I)
0[20] = A
(I)
0[22] = 0 ,
A(II)0[00] = −
g2A
2f2
[
1− m
2
pi
2p2
Q0(z)
]
,
A(II)0[02] = A
(II)
0[20] = −
g2A√
2f2
[Q0(z) +Q2(z)− 2Q1(z)] ,
A(II)0[22] = −
g2Am
2
pi
4f2p2
[
Q2(z) +
6p2
5m2pi
(Q1(z)−Q3(z))
]
,
A(III)0[00] =
g2A
f2
(
mpiMA−1[00]
4π
) (
− (µ+ ip)
mpi
+
mpi
2p
X(p,mpi)
)
,
A(III)0[02] = A
(III)
0[20]
=
g2A√
2f2
(
MA−1[00]
4π
)
p2
[
−3m
3
pi
4p4
+
m2pi
8p5
(3m2pi + 4p
2) tan−1
(
2p
mpi
)
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+i
(
−3m
2
pi
4p3
+
1
2p
+
m2pi
4p3
(
1 +
3m2pi
4p2
)
log
(
1 +
4p2
m2pi
))]
,
A(III)0[22] = 0 ,
A(IV )0[00] =
g2A
2f2
(
mpiMA−1[00]
4π
)2(
1−
(
µ+ ip
mpi
)2
+ iX(p,mpi)− ln
(
mpi
µ
))
,
A(IV )0[02] = A
(IV )
0[20] = A
(IV )
0[22] = 0 ,
A(V )0[00] = −D
(3S1)
2 m
2
pi
[
A−1[00]
C
(3S1)
0
]2
, A(V )0[02] = A
(V )
0[20] = A
(V )
0[22] = 0 ,(32)
where z = 1 +m2pi/(2p
2) and Qk(z) denotes the k-th order irregular Legendre
function. Again part of the subtraction point independent contribution to
A(IV )0[00] has been absorbed into A
(V )
0[00]. The S-matrix in this channel is expressed
in terms of two phase shifts, δ0 and δ2, and a mixing angle ε1,
S = 1 + i
pM
2π
A =
(
e2iδ0 cos 2ε1 ie
i(δ0+δ2) sin 2ε1
iei(δ0+δ2) sin 2ε1 e
2iδ2 cos 2ε1
)
, (33)
and like the 1S0 channel we will expand S order by order in Q.
As the 3S1− 3D1 mixing parameter has vanishing contribution at order Q0
it starts at orderQ1, the same holds true for δ2. Writing each of the parameters
as an expansion in Q,
δ0 = δ
(0)
0 + δ
(1)
0 + ... , δ2 = δ
(0)
2 + δ
(1)
2 + ... , ε1 = ε
(0)
1 + ε
(1)
1 + ... , (34)
it follows that
δ
(0)
0 = −
i
2
log
[
1 + i
pM
2π
A−1[00]
]
, δ
(1)
0 =
pM
4π
A0[00]
1 + i pM2pi A−1[00]
, (35)
ε
(0)
1 = 0 , ε
(1)
1 =
pM
4π
A0[02]√
1 + i pM2pi A−1[00]
, (36)
δ
(0)
2 = 0 , δ
(1)
2 =
pM
4π
A0[22] . (37)
Fitting the parameters C
(3S1)
0 , C
(3S1)
2 and D
(3S1)
2 to the phase shift δ0 over the
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Figure 10: The phase shifts δ0, δ2 and mixing parameter ε1 for the 3S1 − 3D1 channel. The
solid line denotes the results of the Nijmegen partial wave analysis. The dot-dashed curve
is the fit at order Q−1 for δ0, while δ2 = ε1 = 0 at this order. The dashed curves are
the results of the order Q0 fit of δ0 to the partial wave analysis over the momentum range
p ≤ 200 MeV.
momentum range p ≤ 200 MeV yields, at µ = mpi
C
(3S1)
0 = −5.51 fm2 , D(
3S1)
2 = 1.32 fm
4 , C
(3S1)
2 = 9.91 fm
4 . (38)
The dashed curves in Fig. (10) show the phase shifts δ0, δ2 and mixing pa-
rameter ε1 compared to the Nijmegen partial wave analysis
21 for this set of
coefficients. There are no free parameters at this order in either ε1 or δ2 once
C
(3S1)
0 has been determined from δ0.
6 Higher Order Effects
A local operator that connects an orbital angular momentum L state with an
orbital angular momentum L′ state involves at least L+L′ spatial derivatives.
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If either L or L′ but not both correspond to an S-wave then the operator
enters at order QL+L
′−1. However, if neither L nor L′ correspond to an S-
wave then the operator contributes at order QL+L
′
when L,L′ is odd and at
order QL+L
′−1 when L,L′ is even. The contribution of pions is at order Q0,
and is therefore the leading contribution to all non S-wave to S-wave scattering
amplitudes.
Implicit in all previous discussions we have been retaining only the con-
tribution to diagrams from the nucleon poles. While these are the leading
contribution by factors of the nucleon mass, there are higher order contribu-
tions arising from other poles, when present. The leading contribution from
the pion radiation regime (hence the term radiation pions, in analogy with
the terminology in non-relativistic gauge theories22−26) does not contribute to
the β-functions of the C0(µ) due to the explicit factors of mpi but to the β-
functions of the D2(µ). Further, such contributions give rise to mixing between
the operators in the 1S0 and
3S1 channels,
β
(rad)
D
(1S0)
2
= +
3g2A
4π2f2
(
C
(3S1)
0 − C(
1S0)
0
)
,
β
(rad)
D
(3S1)
2
= − 3g
2
A
4π2f2
(
C
(3S1)
0 − C(
1S0)
0
)
. (39)
A comment on the role of baryonic resonances is appropriate. The impact
of the ∆ resonance has been determined with Weinberg’s power-counting in
two different prescriptions2,9 d. It is found not to play an important role
in NN scattering as the mass scale that sets the size of its contribution is√
M(M∆ −M) ∼ 500 MeV. This scale is higher than the scale at which the
theory breaks down, ΛNN , and so it is appropriate not to include the baryonic
resonances, until the theory above the scale ΛNN is constructed.
7 Conclusions
After several years of investigation we now understand the limitations of Wein-
berg’s power-counting1. In theories with large scattering lengths as arise in
NN scattering in the 1S0 and
3S1 − 3D1 channels, simply counting derivatives
or number of insertions of the light quark mass matrix does not correspond
directly to the degree of suppression of an operator. A new power-counting
scheme has been introduced17 which allows simple identification of graphs that
contribute at a given order. In the new power-counting scheme pions are
dThe ∆(1232) and other baryon resonances have been consistently included in the single
nucleon sector27.
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sub-leading compared to the leading local four-nucleon operators and can be
treated in perturbation theory. The regulation problems found in Weinberg’s
theory do not arise. Explicit computation of NN scattering in the 1S0 and
3S1 − 3D1 channels to sub-leading order has been presented. Most impressive
perhaps is the parameter-free prediction of the 3S1− 3D1 mixing parameter ε1
which agrees well with the Nijmegen phase shift analysis.
The future looks extremely promising for a systematic effective field theory
analysis of nuclear physics. The short term program will be to examine the
two-body systems in detail, i.e. the properties of the deuteron28 and inelastic
processes. In the long-term one hopes to make progress in many-body sys-
tems. Some impressive results have already been obtained14 in the three-body
systems.
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